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Abstract

It is well known that Dyck paths of semilength n are in
bijection with 2-Motzkin paths of length n — 1, i.e., both sets
are enumerated by the n-th Catalan number C,. Janji¢ [7]
enumerated Dyck paths of semilength n — 1 having colored
hills with m € {2, 3,4} colors. For m = 2, he showed that
they are also enumerated by C,, which implies that they are in
bijection with 2-Motzkin paths of length n — 1. For m = 3, he
showed that they are enumerated by (*"*), which implies that
they are in bijection with pairs of noncrossing paths [8] of
length n — 1.

In this work, we present new bijections between Dyck paths
with colored hills and various other combinatorial objects,
giving bijective proofs for the above results, as well as
obtaining some new enumeration results.
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Lattice path definitions

A (lattice) path of length n € N* is a finite sequence of points
(xi, yi)o<i<n in Z?, starting at the origin, i.e., (xo, ¥0) = (0, 0).
The vectors (xi+1 — Xi, Yit1 — ¥i), 0 < i < n—1, are the steps
of the path. The length of a path P, denoted by |P], is the
number of its steps. The height of the i-th point (x;, y;) of a
path P, denoted by h;(P), is equal to y; and h(P) = h,(P) is
the height of the final point of P.

In this work, we are concerned with lattice paths having three
kinds of steps: up steps u = (1, 1), down steps d = (1, —1)
and horizontal steps h = (1,0). The set of these paths is
denoted by {u, d, h}*, since each such path can be identified
by the sequence of its steps, i.e., a word in {u,d, h}*.
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Lattice path definitions

Given 7, P € {u,d, h}*, we say that 7 occurs in P whenever
P = R7Q, for some R, Q € {u,d,h}*. The height of this
occurrence is equal to the minimum height of its points. The
number of occurrences of 7 in the path P is denoted by |P|,.
In particular, |P|y, |Pla, |P|n denote the number of u's, d's and
h's in P respectively.

A partial order < is defined in the set {u,d}” of binary paths
of length n, n € N, as follows: P < @ whenever the binary
path P lies weakly below the binary path Q, i.e., whenever
hi(P) < hi(Q), for all 0 < i < n. A pair of noncrossing paths
is a pair (P, Q@) where P < Q.
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Lattice path definitions

@ Motzkin prefix: a path in {u,d, h}* that stays weakly
above the x-axis.

@ Motzkin path: a Motzkin prefix that ends on the x-axis.

@ Dyck prefix: a Motzkin prefix with no horizontal steps
(also called a ballot path).

@ Dyck path: a Dyck prefix that ends on the x-axis.

@ A hill of a path is an occurrence of ud at height 0 (the
starting point of the u step has zero y-coordinate).
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Lattice path definitions - Colored paths

By coloring each horizontal step of a Motzkin prefix with one
out of m € N* possible colors, we obtain an m-Motzkin prefix.
We denote these colors by the integers 1,2, ..., m and the
corresponding colored horizontal steps by hy, ho, ..., hp,.
Similarly, we can color the hills of a Dyck path to obtain a
Dyck path with m-colored hills.

We denote these colored hills by Hy, Hy, ..., Hp,.

K. Manes and |. Tasoulas Counting Dyck paths with colored hills: A bijective approach



Lattice path definitions - Notation

@ c: the empty path, i.e., the path of length 0.

o MPU™: The set of m-Motzkin prefixes of length n.
MPm) — Unzo Mpgm)_

o MP{™(h): The set of m-Motzkin prefixes of length n
ending at height h.

o M{™: The set of m-Motzkin paths of length n.
M(m) — UnzoMgm)-

° D’PE{"): The set of Dyck prefixes of length n with
m-colored hills. DP™ = |J ., DPY™.

@ DP,(h): The set of Dyck prefixes of length n ending at
height h.
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Lattice path definitions - Notation

° D( : The set of Dyck paths of length 2n with m-colored
hills. D™ = ., DY

o DY The set of Dyck paths of length 2n with no hills
(also called hill-free Dyck paths or Fine paths).

0
DO = U >0D()
o D, =DV, D=V, D =D\ {e}.

® W,(h): The set of pairs of noncrossing binary paths of
length n ending 2h units apart.

W, = tho Wn(h)v W = UnZO Wh,
W(h) = UnZO Wn(h)-
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Known results

Combining various enumeration results from the literature, we
have the following equalities:

(Wa(0)l = [Dasa| = IMP| = D] = Gy,

2 1
I DPopi1| = Wl = IMPP| = |DP)| = ( ”: )

There exist known bijections between the sets W,(0) and
D,+1 (see Deutsch and Shapiro[6], Manes et al. [8]), as well
as between the sets D, ; and M (see Callan [3], Delest and
Viennot [5]).

Moreover, a bijection between W,(0) and MP s given by
Deutsch and Shapiro [6], and a bijection between W, and
DPsny1 is given by Manes et al. [8].
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Known results

Recently, Janji¢ [7] proved, using recurrence relations, the
following enumeration results:
) [DP)| = Cpp1, where C, = (2")/(n+ 1) is the n-th
Catalan number (seq. A000108 in the OEIS [9]). A
Janji¢ notes, this interpretation of the Catalan numbers
does not exist in Stanley's book “Catalan numbers” [10].

i) DY = (*"*1) (seq. A001700 in the OEIS). Again, no
bijective proof is known for this result.
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New results

The purpose of this work is to provide bijective proofs for (i)
and (ii). We introduce a simple new bijection ¢ : D?) — D*,
which proves (i). Moreover, we introduce another, more
complicated bijection ¢, : D?) — M®) also proving (i), and
we study some of its properties, obtaining some known and
some new results.

In order to define ¢,, we first introduce a new bijection

©1 : D* — M® between Dyck paths and 2-Motzkin paths,
which gives an alternative bijective proof of the equality
Diia| = M.

We also introduce two new bijections @3 : DG — MP? and
X : W = MPP® . Then x~'os is a bijection that proves (ii).
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From Dyck paths with 2-colored hills to Dyck paths

The mapping ¢ : D® — D* has a simple non-recursive
description; for every a € D®), the path ¢(a) is constructed
in two steps as follows:

1. Transform each H, (hill with color 2) of « into a du (a
valley reaching height —1).

2. Finally, add a u step at the beginning and a d step at the
end of the path.

Obviously the resulting path ¢(«) is a non-empty Dyck path
such that |¢(a)|w = ||y, + 1. Moreover, the procedure is
clearly reversible, so that we have a bijection, showing that
D] = |Dpyt| = Coyy, forall n € N.
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From Dyck paths to 2-Motzkin paths

As noted before, there exists a folklore bijection

Y : M@ — D* introduced by Delest and Viennot [6], which
has a straightforward description: Given a 2-Motzkin path «,
the Dyck path ¢(«) is constructed by replacing in « each u by
uu, each d by dd, each h; by ud, each h, by du and then by
adding a u step at the beginning and a d step at the end of
the path.

K. Manes and |. Tasoulas Counting Dyck paths with colored hills: A bijective approach



From Dyck paths to 2-Motzkin paths

The bijection ¢y : D* — M) that we introduce here,
mapping non-empty Dyck paths of length 2n to 2-Motzkin
paths of length n+ 1, is quite different from ¢!, Its
definition is recursive and it is based on the decompositions of
the two sets.

A path a € D* is decomposed as

a=ud ora=upfd or a=udf or a =ufdy, fS,vy€ D"
On the other hand, a path a € M is decomposed as
a=cor a=hf or a=hyf or a=ubdy, B,veM®P.
Then, 5 is defined recursively as

pi(ud) = ¢,  @1(ufd) =hip1(B), pi(udB) = hap1(8),

p1(ufdy) = upr(B)den(y), B,y €D,
as depicted in the next figure.
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From Dyck paths to 2-Motzkin paths

p1(a) € M®

I
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Figure: The bijection ¢; : D* — M2

) B

?m
%

K. Manes and |. Tasoulas Counting Dyck paths with colored hills: A bijective approach



From Dyck paths to 2-Motzkin paths

Using the recursive definition, it is easy to prove inductively
that 7 is a bijection having the following properties:

° [pi(a)| = [alu+1,
o [p1(a)|n, = |afudu,
o [p1(a)la = |ofadu,
(a)

o [er(a)lu +[er(a)lh, = |afu = |aaa.

Remark:

According to the second property, by restricting ¢; to the set
of udu-free Dyck paths of length 2n + 2, we get a bijection
onto Motzkin paths of length n, reobtaining the known result
(e.g., see Callan [3]) that the former are counted by the
Motzkin numbers M, (seq. A001006 in the OEIS).
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From Dyck paths with 2-colored hills to 2-Motzkin

paths

The mapping ¢, : D@ — M®) maps Dyck paths of length 2n
with 2-colored hills to 2-Motzkin paths of length n. Its
definition is based on the decompositions of the two sets.

A nonempty path o € D) is decomposed with respect to its
first hill as

a=uad---uad or a=[FHyy or a=[H,y,

where 3 € D ~ € DO «; € D*,i € [k], k € N*,

Note that the first equality corresponds to the case where « is
hill-free, whereas the second and third equalities correspond to
the cases where « has a hill.
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From Dyck paths with 2-colored hills to 2-Motzkin

paths

On the other hand, a nonempty path v € M is decomposed
analogously, with respect to its first horizontal step at height
0, as

a=uad---uad or a=pFh;y or «a= pFhyy,

where 3 € M(2),%o¢; € M@ j ¢ [k], k € N* and M s
the set of m-Motzkin paths with no horizontal steps at height
0.

Then, ¢, is defined recursively as

va(e) =, wa(uand - - -uagd) = up(ag)d- - -ups(ak)d,

p2(BH) = 2(B)hipa(v), i €{1,2},
where ay,...,a, € D, p € DO, v € D3,
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From Dyck paths with 2-colored hills to 2-Motzkin

paths

va(a) € M®)

N N

5 7 (Co(BNM/2o (0N

Figure: The bijection ¢, : D) — M)
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From Dyck paths with 2-colored hills to 2-Motzkin

paths

It is easy to prove inductively that ¢, is a bijection having the
following properties:

o |pa(a)| = |alu.
@ #hills in o = #horizontal steps at height 0 in v,(«).

@ The restriction of ¢, on D is a bijection onto M(Z).
This verifies the well-known result that
DY = |mf,2)\ = F,.1, where F, is the n-th Fine
number (seq. A000957 in the OEIS).
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From Dyck paths with 2-colored hills to 2-Motzkin

paths

@ Restricting o5 on hill-free Dyck paths with no udu's, we

get a bijection onto M(l), i.e., Motzkin paths with no

horizontal steps at height 0. It is known that |ﬂf71)| ="
(seq. A005043 in the OEIS). Thus, we have a new
interpretation of the numbers R,; they count hill-free
Dyck paths of length 2n with no udu's, or equivalently
udu-free Dyck paths of length 2n ending with dd.

@ Since udu-free Dyck paths of length 2n + 2 are counted
by the Motzkin numbers M, (seq. A001006 in the OEIS),
and they end with either dd or ud, we obtain a
combinatorial interpretation of the known relation
Mn = Rpt1 + Rn-
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From Dyck paths with 3-colored hills to 2-Motzkin

prefixes

The mapping ¢3 : D@ — MP®@ maps Dyck paths of length
2n with 3-colored hills to 2-Motzkin prefixes of length n. Its
definition is based on the decompositions of the two sets. A
path a € DO\ D@ is decomposed with respect to its first
hill with color 3 as

a=pHy, BeD® yeDO.

Analogously a 2-Motzkin prefix o € MP® \ M@ is
decomposed with respect to its last u step reaching height 1 as

a = puy, BeM® ye MPY.
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From Dyck paths with 3-colored hills to 2-Motzkin

prefixes

Then, @3 is defined recursively, using 5, as follows:

p3(a) = pa(a) and p3(BH37) = pa(B)ups(v),

where a, 3 € D), v € DO,
Using the recursive definition, it is easy to prove inductively
that (3 is a bijection having the following properties:
° [p3(a)] = |arly.
o p3(a) € MP?(k) & |a|y, = k, i.e., the number of Hs's
in « equals the ending height of ¢3(«).

@ p3(«) has no horizontal steps at height 0 iff either « is
hill-free or its first hill has color 3.
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From Dyck paths with 3-colored hills to 2-Motzkin
prefixes

@ If we choose to map each H; to an hj instead of a u,
then we get a bijection onto 3-Motzkin paths where the
h3's occur only at height 0 (see a comment by Deutsch in
seq A001700 in the OEIS).

@ According to the third property stated before, the number
of paths in D,(,3) with exactly k hills of color 3 is equal to

MPE (k)]
OEIS).

B k+1(2n—|—2

po G k) (seq. A039598 in the
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Pairs of noncrossing paths

A pair (P, Q) € W(0) \ {(e,¢)} is decomposed as
(uP ;u@Q) or (dP',dQ) or (dPuP”,u@Q'dQ"),

where (P, Q"), (P", Q") € W(0).

The first two cases occur whenever P and @ start with a joint
step, so that their remaining parts P’ and Q' clearly form a
pair in YW(0). The third case occurs whenever the initial step is
not a joint step, so that P must start with a d and Q with a u
(since P < Q) and the paths must meet again with an upstep
for P and a downstep for Q. If dP'u and u@’d are their initial
parts until their first common point, then dP’ and uQ’ have no
common points (other than (0,0)) and the distance between
their ending points is 2, so that (P’, Q") € W(0). Obviously,
the remaining parts P” and Q" also form a pair in W(0).
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Pairs of noncrossing paths

Furthermore, a pair (P, Q) € W\ W(0) is decomposed
uniquely with respect to the last common point as

(P'dP", QuQ™), where (P', Q") € W(0), (P", Q") e W.

Here, P’ and Q' are the initial parts of P and Q until their last
common point (these parts are empty iff no common point
exists). The remaining parts dP"” and uQ" have no common
point (other than (0,0)) so that (P, Q") € W.

Then, the bijection x : W — MP? is defined recursively,
based on the decompositions of the two sets, as shown in the
next figure.
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Pairs of noncrossing paths

P,Q)eW +— x(P,Q)e MP®

(e,e) «—
/& — hX]g(Pl Q3/)
P

No-oams

Q/ Q// P/ Q/
OCP"O Q)
Pl
" X('Dm7 Q///)
¢ \(P.Q)
P/ /!

Figure: The bijection y : W — MP?3).

!

[
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Pairs of noncrossing paths

Using the recursive definition of , it is easy to prove
inductively that x is a bijection having the following
properties:
o [x(P, Q) =PI
@ The restriction of ¥ on W(0) is a bijection onto M),
showing that [W,(0)| = Cpi1.
@ The restriction of x on W(h) is a bijection onto
MPE(h).
@ Joint u's of (P, Q) correspond to h;'s at height 0 of
X(P, Q).
@ Joint d's of (P, Q) correspond to h,'s at height 0 of
x(P, Q).
@ x maps (u,u)'s to hy's, (d,d)'s to hy's, (d,u)’s to u's and
(u,d)'s to d's.
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Pairs of noncrossing paths

@ The last property implies that x has a simple
non-recursive description. Read the pairs of steps of the
pair (P, Q) and transform (u, u)'s into h;’s, (d, d)’s into
hy's, (d, u)'s into u's and (u, d)'s into d's.

@ The restriction on WW(0) coincides with the bijection
given by Deutsch and Shapiro [6].

@ The mapping x ! o ¢3 is a bijection verifying that
D] = Wil = (7).
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Pairs of noncrossing paths

Remark
Taking all previous facts into account, we can give a bijection
w : W — DB with a simple description consisting of three
steps:
© Each (u, u) is replaced by ud, each (d, d) by du, each (d,
u) by uu and each (u, d) by dd.
© Then, the uu's starting with an unmatched u at even
height are replaced by H3's.
© Finally, each du below zero level is turned into an H,.

The restriction of w on W(0) is the bijection
¢t op o x : W(0) — D®), which is described by ignoring
step 2.
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Generating functions

The invert transform (IT) (see Bernstein and Sloane [1],
Cameron [4]), denoted here by Z, of a generating function
A(x) = >_,>1 anx" is the generating function

TA(x) = % = S A~

k>1

It follows inductively that the m-th IT of A is equal to

T"A(x) = % => mAx)*,  meN.

We define Z™(a,) := [x"|Z™A(x).
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Generating functions

There is a straightforward combinatorial interpretation of the
IT in terms of words, as explained by Birmajer et al. in [2]: If
a, is the number of words of length n — 1 over the alphabet
L={0,1,2,...,b—1}, b € N*, then Z(a,) is the number of
words of length n — 1 over LU {b}. This is obvious, since

(L U {b})"! is the disjoint union of the sets

{wibwobws - - - bwy:w; € LY ni>1, i € [K], ny+no+- - +ny = n},

for all k > 1, and each one has cardinality [x"]A(x)*. Applying
this argument repeatedly, one can conclude that if a, counts
words in £"~1, then Z™(a,) counts words in (£ U {b}) "1,
where the letter b is colored with m possible colors, whereas
[x"|(Z™1A(x))* is the number of these words having exactly
k — 1 occurrences of the color m.
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Generating functions

Based on these observations, Janci¢ [7] sets a, = F,, where
(Fp)n>1 is the sequence of the Fine numbers (seq. A000957 in
the OEIS), counting hill-free Dyck paths of semilength n — 1,
obtaining

I7(F,) = D).

In terms of generating functions, if

F:=F(x):= ZF,,_HX"

n>0
and
1—+v1-—4x N
C:=C(x) ::T:ZC,,X :
n>0
then

_ xC(x)
() = 14+ xC(x)
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Generating functions

Applying the IT, for m € [3], we obtain
o [x"|ZF = [x"|xC = C,_;,
counting Dyck paths of semilength n — 1,
o [x"|I°F = [x"]xC? = C,,
counting 2-Motzkin paths of length n — 1,
xC? (Zn —1

n I3F — [yn —
° [x7] X .
counting 2-Motzkin prefixes of length n — 1, or ballot
paths of length 2n — 1, or pairs of noncrossing paths of

length n.
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Generating functions

In general, setting
xC xC
1+xC  1—(m—1)xC

— Z(m _ 1)ka+1 Ck+17

k>0

Fn(x) =I"F =1I™

we can evaluate the coefficients of the m-th IT for all m € N:

n—1
[X ]F [X ]Z k skl okl — Z(m_l)k[xn—k—l]ck-i-l
k=0
n—1
k+1 2n—k—1
= S S
;(m ) 2n—k—1(n—k—1)
j=n—k-1 n_l(m N n—j (’7 ‘H')‘
= n+j\ n
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Thank you!
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