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For given graphs F, H let
@ v(F) be the number of its vertices,

@ Z(F) denote the class of all graphs containing a copy of F as an
induced subgraph,

e DI[F] denote the minimum quantifier depth of a sentence in first-order
logic with adjacency and equality relations (~ and =) that defines
Z(F)

@ F LU H denote the disjoint union of isomorphic copies of F and H, and
for m € N denote mF = | || F

Given F or a graph sequence F,, estimate D[F] or asymptotic of D[F,]
respectively.
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Time complexity of finding the value of fixed formula ¢ with depth d on
an arbitrary graph G on n vertices is O(n?). If ¢ defines Z(F), this gives
us the same upper bound for time complexity of induced subgraph
isomorphism — IS/(F).

Neget#il and Poljak showed that IS/(F) is solvable in time O(n%“(F)*3),
where w < 2.373 is the exponent of fast square matrix multiplication.
Given known bounds on D[F], it is possible that the time bound of
O(nPIFly can be better for some graphs F.
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Known results

o D[F] < v(F), D[F] = D[F], where F is the complement of graph F.

e D[K,]=n

@ [O. Verbitsky, M. Zhukovskii, 2018]
D[F] > max { |3v(F) — 2logy v(F) + 3], x(F), igg + 2}, where
X(F) is the chromatic number of F, and e(F) is the number of edges
is F.

@ [O. Verbitsky, M. Zhukovskii, 2018] Exact value of D[F] is known for
graphs F such that v(F) < 4.

@ The only known graphs such that D[F] < v(F) is the paw graph and
it's complement, P3 L Ki:
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For an arbitrary graph H, denote F = P3 LUK1 UH. Then D[F] < v(F)—1

For m € N, denote F = P3 U mKy. Then D[F] =v(F)—1

Let ny,...,nx € N;ny < ... < ni. Denote F = mK,, . n.. Then
D[F] = v(F).

Theorem (4)
For any graph F such that v(F) =5, D[F] > 4.
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For an arbitrary graph H, denote F = P3 LUKy UH. Then D[F] < v(F)—1

Proof.
Let G be paw graph complement. This is the formula for G:

Ix1([FxzTxg : x1  x3 A x1 % xa A X3 % xq] A\
[Fxo(Ixg 1 x1 ~ x2 A X1 % Xg A X ¢ Xq)\

(3xz :x1 ~x2 Axa ~ x3 A xg = x3)])

We will modify it to get formula for F. O

v
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For an arbitrary graph H, denote F = P3 LI Ky U H. Then D[F] < v(F)—1

Proof.
Let m = v(H), Py(y1,--.,Ym) be the formula representing that vertices
Yi,--.,¥m form graph H and P(x,y1,...,¥m) = \/=q X = y;i. Then this is
the formula for F.
E|y17 cee 73)/m3X1(PH(Y1, oo 7Ym) A P(X17y17 e a)/m)
[Gx33xa : x1 % X3 A X1 % x4 A\ X3 % Xq
A\ P(X3ay15 o 7)/m) 7\ P(X4ay17 o aym)]/\
[Fx2(P(x2, Y1, -+, Ym) A Ixa 1 x1 ~ x2 A X1 % Xa A\ Xa % Xg/\
P(X4a)’17-~-7,\/m))/\
(Fxs:x1 ~ 2 Axa ~x3 Axt e x3AP(x3,y1,. ., ym))l)
September 10, 2020 7/13
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Ehrenfeucht theorem

For any two graphs G, H, r € N Duplicator wins the Ehrenfeucht—Fraissé
game on graphs G, H with r rounds iff any sentence ¢ of quantifier depth
no more than r is simultaneously true or false on both graphs G, H.

Lower bound estimation

To show that D[F] > k it is sufficient to show that for some graphs G, G,
such that G contains induced copy of G and G’ does not, Duplicator wins
the game with k rounds on these graphs.
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For m € N, denote F = P30 mKy. Then D[F] = v(F)—1

Let G, = P4 LU mP>. We will use G = G, G' = G,_1. It can be shown
that Duplicator wins in v(F) —2 = m+ 1 rounds. Then D[F] > v(F) — 1.
Using the previous theorem, we get D[F] = v(F) — 1. O
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Let ni,...,nk € N,m < ... < ng. Denote F = mK,, .

D[F] = v(F).

>Nk

Then

Proof.

Let Gg'f’k = (V, E), where

V={(i,j,M1<i<{1<j<k1<h<m}

E ={((i1,j1, h), (2, jo, h))\Vir, j1, i, jo, h i in # i A j1 # jo}U
{((s g1, 1), (i J2, h2))IVi, j1, J2, b1y ho by # o}

One can see that G,’f,’( is a slight modification of mKE i with h being

k
the copy number, and j being the number of part in the copy.
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Figure: G32’2v where vertices of the same shape correspond to the same copy (have
the same h value), vertices of the same color correspond to the same part number
(have the same j value), and the number of the vertex is its number i within the

part.
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Theorem (3)

Let ny,...,nx € N;ny < ... < ng. Denote F = mK,,

D[F] = v(F).

n.- Then

| \

Proof.
Let £=v(F), G =G/}, G'=Gy,.

Then Duplicator wins in game on G, G’ in £ — 1 rounds. Since G contains

induced copy of F, and G’ does not, D[F] > ¢ = v(F).

O]

v
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Theorem (4)
For any graph F such that v(F) =5, D[F] > 4.

max{e(F),(*))—e(F)}

Because D[F] = D[F], we have D[F] > B + 2, which
gives us D[F] > 4 for any F with number of edges not equal to 5.
Removing complements from consideration, we have only 4 graphs left.
For each of them the bound is proven individually. O
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