
Logical complexity of induced subgraph isomorphism for
certain graph families

M.V. Makarov
(joint work with E.D. Kudryavtsev,
A.S. Shlychkova, M.E. Zhukovskii)

September 10, 2020

M.V. Makarov Logical complexity of induced subgraph isomorphism September 10, 2020 1 / 13



For given graphs F , H let

v(F ) be the number of its vertices,

I(F ) denote the class of all graphs containing a copy of F as an
induced subgraph,

D[F ] denote the minimum quantifier depth of a sentence in first-order
logic with adjacency and equality relations (∼ and =) that defines
I(F )

F tH denote the disjoint union of isomorphic copies of F and H, and
for m ∈ N denote mF =

⊔m
i=1 F

Goal

Given F or a graph sequence Fn, estimate D[F ] or asymptotic of D[Fn]
respectively.
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Motivation

Time complexity of finding the value of fixed formula ϕ with depth d on
an arbitrary graph G on n vertices is O(nd). If ϕ defines I(F ), this gives
us the same upper bound for time complexity of induced subgraph
isomorphism — ISI (F ).

Nešeťril and Poljak showed that ISI (F ) is solvable in time O(n
w
3
v(F )+ 2

3 ),
where w < 2.373 is the exponent of fast square matrix multiplication.
Given known bounds on D[F ], it is possible that the time bound of
O(nD[F ]) can be better for some graphs F .
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Known results

D[F ] ≤ v(F ), D[F ] = D[F̂ ], where F̂ is the complement of graph F .

D[Kn] = n

[O. Verbitsky, M. Zhukovskii, 2018]

D[F ] ≥ max
{
b12v(F )− 2 log2 v(F ) + 3c, χ(F ), e(F )v(F ) + 2

}
, where

χ(F ) is the chromatic number of F , and e(F ) is the number of edges
is F .

[O. Verbitsky, M. Zhukovskii, 2018] Exact value of D[F ] is known for
graphs F such that v(F ) ≤ 4.

The only known graphs such that D[F ] < v(F ) is the paw graph and
it’s complement, P3 t K1:

M.V. Makarov Logical complexity of induced subgraph isomorphism September 10, 2020 4 / 13



Theorem (1)

For an arbitrary graph H, denote F = P3 tK1 tH. Then D[F ] ≤ v(F )− 1

Theorem (2)

For m ∈ N, denote F = P3 tmK1. Then D[F ] = v(F )− 1

Theorem (3)

Let n1, . . . , nk ∈ N, n1 ≤ . . . ≤ nk . Denote F = mKn1,...,nk . Then
D[F ] = v(F ).

Theorem (4)

For any graph F such that v(F ) = 5, D[F ] ≥ 4.
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Theorem (1)

For an arbitrary graph H, denote F = P3 tK1 tH. Then D[F ] ≤ v(F )− 1

Proof.

Let G be paw graph complement. This is the formula for G :

∃x1([∃x3∃x4 : x1 � x3 ∧ x1 � x4 ∧ x3 � x4]∧
[∃x2(∃x4 : x1 ∼ x2 ∧ x1 � x4 ∧ x2 � x4)∧

(∃x3 : x1 ∼ x2 ∧ x2 ∼ x3 ∧ x1 � x3)])

We will modify it to get formula for F .
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Theorem (1)

For an arbitrary graph H, denote F = P3 tK1 tH. Then D[F ] ≤ v(F )− 1

Proof.

Let m = v(H), PH(y1, . . . , ym) be the formula representing that vertices
y1, . . . , ym form graph H and P(x , y1, . . . , ym) =

∧m
i=1 x � yi . Then this is

the formula for F .

∃y1, . . . ,∃ym∃x1(PH(y1, . . . , ym) ∧ P(x1, y1, . . . , ym)

[∃x3∃x4 : x1 � x3 ∧ x1 � x4 ∧ x3 � x4

∧ P(x3, y1, . . . , ym) ∧ P(x4, y1, . . . , ym)]∧
[∃x2(P(x2, y1, . . . , ym) ∧ ∃x4 : x1 ∼ x2 ∧ x1 � x4 ∧ x2 � x4∧

P(x4, y1, . . . , ym))∧
(∃x3 : x1 ∼ x2 ∧ x2 ∼ x3 ∧ x1 � x3 ∧ P(x3, y1, . . . , ym))])
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Ehrenfeucht theorem

For any two graphs G , H, r ∈ N Duplicator wins the Ehrenfeucht–Fräıssé
game on graphs G , H with r rounds iff any sentence φ of quantifier depth
no more than r is simultaneously true or false on both graphs G , H.

Lower bound estimation

To show that D[F ] > k it is sufficient to show that for some graphs G , G ′,
such that G contains induced copy of G and G ′ does not, Duplicator wins
the game with k rounds on these graphs.
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Theorem (2)

For m ∈ N, denote F = P3 tmK1. Then D[F ] = v(F )− 1

Proof.

Let Gm = P4 tmP2. We will use G = Gm, G ′ = Gm−1. It can be shown
that Duplicator wins in v(F )− 2 = m + 1 rounds. Then D[F ] ≥ v(F )− 1.
Using the previous theorem, we get D[F ] = v(F )− 1.
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Theorem (3)

Let n1, . . . , nk ∈ N, n1 ≤ . . . ≤ nk . Denote F = mKn1,...,nk . Then
D[F ] = v(F ).

Proof.

Let Gm
`,k = (V ,E ), where

V ={(i , j , h)|1 ≤ i ≤ `, 1 ≤ j ≤ k , 1 ≤ h ≤ m}
E ={((i1, j1, h), (i2, j2, h))|∀i1, j1, i2, j2, h : i1 6= i2 ∧ j1 6= j2}∪
{((i , j1, h1), (i , j2, h2))|∀i , j1, j2, h1, h2 : h1 6= h2}

One can see that Gm
l ,k is a slight modification of mK`, . . . , `︸ ︷︷ ︸

k

, with h being

the copy number, and j being the number of part in the copy.
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Figure: G 2
3,2, where vertices of the same shape correspond to the same copy (have

the same h value), vertices of the same color correspond to the same part number
(have the same j value), and the number of the vertex is its number i within the
part.
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Theorem (3)

Let n1, . . . , nk ∈ N, n1 ≤ . . . ≤ nk . Denote F = mKn1,...,nk . Then
D[F ] = v(F ).

Proof.

Let ` = v(F ), G = Gm
`,k , G ′ = Gm

`−1,k .
Then Duplicator wins in game on G , G ′ in `− 1 rounds. Since G contains
induced copy of F , and G ′ does not, D[F ] ≥ ` = v(F ).
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Theorem (4)

For any graph F such that v(F ) = 5, D[F ] ≥ 4.

Proof.

Because D[F ] = D[F̂ ], we have D[F ] ≥ max{e(F ),(v(F )2 )−e(F )}
v(F ) + 2, which

gives us D[F ] ≥ 4 for any F with number of edges not equal to 5.
Removing complements from consideration, we have only 4 graphs left.
For each of them the bound is proven individually.
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