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Introduction

Let {&,},>1 be iid random variables with a cumulative
distribution function (cdf) F. Denote M, = max{&,...,&0}

Fisher-Tippet-Gnedenko theorem states that if for some
sequences a, > 0, b,, n > 1 it holds

Pr(M, < a,x+b,) = G(x), n— oo

for some non-degenerate G, then G belongs to either the
Gumbel, the Fréchet or the Weibull family of distributions.
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Introduction

Let X(n) = (Xi(n),..., Xam)(n))" be an arbitrary sequence of
real-valued random vectors. Clearly, results on maxima of
independent random variables can be applied to X(n), if, for
every x € R,

Pr{ max Xi(n Pr(X —0, (1
(le[d(n)] ) H <x) (1)

i€[d(n)]

as n — 0o, where [m] denotes {1,..., m}. Notice that, in
these general framework, for every n, the i-th element of the
random vector (n) depends on n. Hereafter we write X;
instead of Xj(n) and d instead of d(n) for shortening.
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Previous results

Our aim is to find new sufficient conditions of (1). Previous
results in this field were obtained by:

» Leadbetter (1974, for stationary sequences)
> Hisler (1983, 1986, for non-stationary sequences)

» Pereira and Ferreira (2006, for non-stationary random
fields on Z2)

» Galambos (1972, in our setting, but his conditions are
much more restrictive than ours)

|

Our approach generalizes all known similar results obtained for
sequences of random variables (both for stationary and
non-stationary sequences) and random fields on Z*.
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Leadbetter-type -mixing

For two families of events A, BB, we, as usual, denote

¢(A,B) = sup [Pr(B|A)—Pr(B)], ()

AcA,BEB
where we follow the usual convention that Pr(A) = 0 implies

Pr(B|A) = Pr(B). For simplicity, we let ¢(A, B) := ¢({A}, B).
For a family of events , we denote

U(]-"):{U B,f’gf}.

BeF'!
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Main result

Theorem

Let X(n) = (X4,...,X4)", d = d(n), be a sequence of real-
valued random vectors. Let x € R, A; = Ai(n) = {X; > x}.
Assume there are sets W; = W;(n) C [d] \ {i}, i € [d], and
© = ¢(n) = o(1) such that,

(A1) Zie[d] Pr(Ujei-iw;A;j) Pr(A;) = o(1
(A2) for every i € [d], ¢(Ai, U({Aj}jew))
(A3) X icra) jeri—mw; Pr(Ai N A;) = o(1).
Then, (1) holds.

Notice that the same result holds for sequences of arbitrary events

);
<o

{Ai(n)}, i € [d], without any reference to random vectors.
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Applications in random graphs: preliminaries

First we briefly discuss an extremal behavior of binomial
random variables, which will be utilized to study certain
extremal characteristics of random structures.

Assume N = N(n) € N, N = 0o as n — o0;
p = p(n) € (0,1) be such that (log n)® = o(Np(1 — p)) and
x € R do not depend on n. Denote

loglogn Iog(2\/7_r))

n=pN 2log nNp(1 — 1—
=P +\/ og nNip( p)< 4logn 2logn
(3)

Np(1—
and bn:@/%gf).
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Applications in random graphs: preliminaries

Then de Moivre—Laplace theorem implies the following

Lemma (Nadaraja and Mitov (2002))
Let Xi,...,X, ~ Bin(N, p) be independent. Then we get

Pr (maxX,- <a,+ b,,x) —e ", n— oo (4)

i€[n]

However, our asymptotic independence results allow to derive
the results of (4) type for dependent random variables.
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Maximum degree distribution

Let H,k p be the k-uniform binomial random hypergraph with
vertex set [n]. Denote the degree of a vertex in the complete
k-uniform hypergraph on [n] by N := (Zj) Our asymptotic
independence results imply the following result on asymptotic
distribution of the maximum degree of #,, 4 p.

Assume p = p(n) € (0,1) and k = k(n) € {2,...,n} is such
that

(Iogn)3:o<max{(ki2>,n}p(l—p)), k:o(log”2n>.

Let X;, i € [n], denote the degree of the vertex i in H, k.
Then (4) holds for all x € R with a,, b, defined in (3).
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Distribution of the maximum number of k-clique extensions

Let k > 2. For i € [n], let X; be the number of k-cliques
containing /. Below, we show that our main result implies the
asymptotic distribution of the maximum value of X; over

i € [n]. Denote

n k—2 (k;l)
ak = % [pn—k (k —1)v/2np(1 — p) log n x

(1 n v
ey [ np(1—p)

1 )k—2p( 5 )
2logn
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Distribution of the maximum number of k-clique extensions

Let p = p(n) € (0,1), k = k(n) € {2,...,n} be such that

log®> n = o(np(1 — p)), log’n=o <np( : )H(l - p)) .

k2
Then for every x € R

Pr (mf»](X,- <af+ b,’fx) — e, n— oo
1eln
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Distribution of maximum of common neighbors

The below result for constant h was proved in Rodionov
Zhukovskii (2020). Let us show that it is a more or less direct
corollary of our main result.

For h € N and x € (I71), denote the number of common neigh-
bors of vertices in x in G, , by Xs. Define ap, = an, bnn = by
by replacing n with (Z), N with n and p with p" in (3).

Theorem

Let h = h(n) = o(log n/ loglog n) and p = p(n) € (0,1) be
such that

p"/h>log®n/n, 1—p> \/loglogn/logn.

Then, for every x € R,

X

€7, n—oo.

Pr( max Xy < ap, + bh7,,x) — e

x<()
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