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Counting Dyck paths with colored hills: A

bijective approach

It is well known that Dyck paths of semilength n are in bijection with
2-Motzkin paths of length n − 1, i.e., both sets are enumerated by the n-th
Catalan number Cn. Janji¢ [1] enumerated Dyck paths of semilength n − 1
having colored hills with m ∈ {2, 3, 4} colors. For m = 2, he showed that
they are also enumerated by Cn, which implies that they are in bijection
with 2-Motzkin paths of length n − 1. For m = 3, he showed that they are
enumerated by

(
2n−1
n

)
, which implies that they are in bijection with pairs of

noncrossing paths [2] of length n− 1.
In this work, we present new bijections between Dyck paths with colored

hills and various other combinatorial objects, giving bijective proofs for the
above results, as well as obtaining some new enumeration results.

This is joint work with Kostas V. Manes.
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